We study the A (1) n−1 spin chain at the critical regime |q| = 1. We give the free boson realizations of the type-I vertex operators and their duals. Using these free boson realizations, we give the integral representations for the correlation functions.
Introduction
The one dimensional spin A ab is a matrix unit acting on k th site. In this paper we consider the critical regime |q| = 1. For the special case n = 2 this model becomes the celebrated XXZ spin. M.Jimbo,H.Konno and T.Miwa [1] established the trace construction of the correlation functions for the XXZ chain at critical regime |q| = 1. In this paper we give the correlation functions for the higher rank generalization of the XXZ chain at the critical regime |q| = 1. In order to write down the correlation functions, we need the 'dual' vertex operators. This problem was absent from the XXZ chain, because the vertex operators are self-dual in this case. We give the pair of the vertex operators and their duals in this paper.
We give the N point correlation functions which describe the ground-state average O of the local operator : (
The correlation functions of the critical A (1) n−1 chain are described by the following systems of difference equations :
and
Here R V V ij (β) ∈ End(V ⊗2N ) signifies the matrix acting as R V V (β) on th (i, j)−th tensor components and as identity elsewhere. Here R V V (β), R V * V * (β) and R V * V (β) are given by (3.1), (3.2) and (3.4).
The correlation functions satisfy the restriction equation :
(1.5)
Here we have set
In this paper we set the deformation parameter as
where ξ > 1.
The ground state averages are obtaind from the components G (N ) , by taking λ = 2π, and specializing the spectral parameters :
When we solve the diffence equations (1.3), (1.4), directly [2] , we have a difficulty. The difficulty in this approach is that the solutions are determined only up to arbitrary periodic functions, so one has to single out in some way the correct solutions which correspond to the correlation functions. When we construct the solutions by the trace of the vertex operators, the ambiguity of solutions are resolved. In this paper we give the free boson realizations of the type-I vertex operators and their duals, and give the trace construction for the correlation functions of the critical A
n−1 spin. In this connection, we should mention about the work [3] , in which the authors give the free boson realizations of the dual type-II vertex operators of the A (1) n−1 Toda field theory with imaginary coupling. Now a few words about the organization of the paper. In section 2 we review the model briefly.
In section 3 we give the defining relations of the vertex operators. In section 4 we give the free boson realizations of the vertex operators. In section 5 we give the proofs of the properties of the vertex operators. In section 6 we give the integral representations of the correlation functions. In Appendix A we summarized the multi Gamma functions. In Appendix B we summarized the normal ordering of the basic operators.
2 The critical A (1) n−1 chain Let us set the R-matrix by
where S 2 (β|ω 1 , ω 2 ) is the Multi-Sine function given in Appendix A.
The matrixR(β) is given as follows :
where the nonzero entrise arē
The R-matrix satisfies the Yang-Baxter equations, 6) and the unitarity,
Let us set the monodromy matrix T (β) acting on the (N +1)− fold tensor product 8) where the partition into n × n blocks is according to the base of V 0 .
Let us set the transfer matrix T (β) acting on the N -th fold tensor product
From the Yang-Baxter equation, we know the transfer matrices commute each other.
In the thermodynamic limit N → ∞, the logarithmic derivative of the transfer matrix and the Hamiltonian (1.1) have the following relation.
A.Doikou and R.I.Nepomechie [5] computed by Bethe Ansatz the scattering matrix for the critical A
(1) n−1 spin chain. The scattering matrix S (β) is given by
The matrixS(β) is given as follows :
14)
16)
The scattering matrix of the present model agrees with the scattering matrix of the A
n−1 Toda fields theory with imaginary coupling.
Vertex Operators
The type-I vertex operators satisfy
The dual type-I vertex operators satisfy
where we set
3)
The type-I and dual type-I vertex operators satisfy
The matrixR * (β) is given as follows :
The type-I and the dual type-I vertex operators satisfy
The type-I vertex operator and it's dual satisfy the inversion relation :
Free boson realizations
In this section we give the free boson realizations of the vertex operators.
Let us set bose-fields as
Let us set
We have
Let us set the basic operators as
The bosonization of the type-I vertex operator is given by
where α 0 = β.
The bosonization of the dual type-I vertex operator is given by
where α n = β.
T.Miwa and Y.Takeyama [3] gave the bosonization of some vertex operator, to construct the solutions of the critical quantum Knizhnik-Zamolodchikov equations at Level 0. The calculation of S-matrix of the critical A
n−1 chain [5] teaches us that their vertex operators are the dual type-II vertex operators of the present model.
Proof
In this section we prove that the bosonizations of the vertex operators satisfy the commutation relations (3.1), (3.2), (3.4), (3.10) and the inversion relation (3.12). For convenience we list below formulae for the contractions of the basic operators.
(5.1)
(5.5)
We are to prove the various properties of the vertex operators along the line of the papers [7, 8] . We are to prove the commutation relation of the type-I vertex operators (3.1). Consider the integral of the form :
Due to the commutation relation of U j (α), the above integral equals to
Observing this we define 'weak equality' in the following sense. We say that the fuctions G 1 (α 1 , α 2 ) and
We write
To prove the commutation relations (3.1) and (3.2) it is enough to prove the equalities of the integrand parts in weakly sense.
Firsi we will show
In what follows we use the notations :
For µ = 0 case it is just the commutation relation of U 0 (α). For µ ≥ 1 case we will show that by induction. By using the commutation relations of the basic operators, we can rearrange the operator part as
The integrand function of (LHS) of (5.14) is given by
The integrand of (RHS) is given by the exchange of variables α 0 ↔ α ′ 0 of (LHS).
For µ = 1 case the weakely identity for variables α 1 , α ′ 1 can be shown by exact calculation.
Because the integrand function splits into two parts :
the case µ ≥ 2 follows from induction.
Next we will show
We prove the case ν > µ. The case µ > ν is similar. For the case ν > µ = 0, the equality (5.21) follows from the following integrand equality, which can be derived by direct calculations.
For the case ν > µ ≥ 1, the equality (5.21) follows from the weak equality with respect to the variables
We are to prove the equation ( 
Using the following relation : b(α)H(α) = b(−α), we have
where
where we have used the relation :
.
We arrive at
Now we have proved the commutation relation (3.1). As the same arguments as the above we can show the commutation relations (3.2), (3.4) and (3.10).
Next we prove the inversion relations.
The bosonization of the type I vertex operator is deformed as
where α 0 = β. Here the contour C k , (k = 1, · · · , j) is taken (−∞, ∞) except that the poles
are above C k and the poles
are below C k .
The bosonization of the dual type-I vertex operator is deformed as
where α n = β. Here the contour C * k , (k = j + 1, · · · , n − 1) is taken (−∞, ∞) except that the poles
are above C * k and the poles
are below C * k . Let us prove the relation (3.12). For j 1 < j 2 we have
As β 2 → β 1 + πi, r * (β 1 − β 2 ) becomes zero.
Next we prove the case j 1 = j 2 . We have
When we take the limit β 2 → β 1 + πi, the contour is pinched but the function r * (β 1 − β 2 ) has a zero.
Therefore the limit is evaluated by successively taking the residues at α k = α k−1 + πi n for k = 1, · · · , j, and α k = α k+1 − πi n for k = j + 1, · · · , n − 1, successively. The following relation is usefull.
Now we have proved the inversion relation (3.12).
Correlation functions
In this section we derive a solution of the system of difference equations (1.3) and (1.4), algebraically, and obtain an integral representation of it.
Let us introduce the degree operator D on the Fock space :
Therefore the degree operator D has the homogeneity condition.
The vertex operator and the degree operator enjoy the homogeneity property.
Now let us consider the trace functions for λ > 0 defined by 5) where the space H is the Fock space of the free bosons.
By using the homogeneity condition (6.4) and the commutation relations (3.1), (3.2), (3.10), it is shown that the above trace function satisfies the desired difference equations (1.3), (1.4). The inversion relation (3.12) means the restriction equation (1.5).
Using the free boson realizations, we shall treat the trace of the form : tr H (e −λD O). The calculation is simplified by the technique of Clavelli and Shapiro [6] . Their prescription is as follows. Introduce a copy of the bosons a(t) (t ∈ R) satisfying the relation [a(t), b(t ′ )] = 0 and the same commutation relation as the b(t). Let
For a linear operator O on the Fock space
obtaind by substitutingb(t) for b(t). We have then
where the left hand side denotes the usual expectation value with respect to the Fock vacuum |0 = |0 ⊗ |0 , 0 |0 . In what follows we use the following abbreviation :
We have the following.
We have the following formula usefull to evaluate the function (6.5). The basic trace functions are evaluated as following.
Here we set
Here we set ϕ(α) = 1
The functions ϕ(α) and ψ(α) become the integral kernel of the correlation functions.
The function ϕ(α) has poles at
The function ψ(α) has poles at
The trace of the vertex operators (6.5) is evaluated by applying the Wick's theorem.
The one-point correlation functions are evaluated as follows. In what follows we set ρ = n 2ξ .
,
Here we omit an irrelevant constant factor. The N point correlation functions are evaluated as follows.
We associate the variables α j,r , (1 ≤ r ≤ N, 0 ≤ j ≤ ǫ r ) to the basic operator U j (α j,r ) contained in the vertex operators Φ ǫr (β ′ r ) and the variables α j,r , (1 ≤ r ≤ N, ǫ r + 1 ≤ j ≤ n) to the basic operator U j (α j,r ) contained in the vertex operators Φ * ǫr (β r ). We set
24)
The function E(
The integrand is given by
Here the integral kernel is given by
and g({α j,r })
Here we omit an irrelevant constant factor.
A Multi-Gamma functions
Here we summarize the multiple gamma and the multiple sine functions, following Kurokawa [9] .
Let us set the functions Γ 1 (x|ω), Γ 2 (x|ω 1 , ω 2 ) and Γ 3 (x|ω 1 , ω 2 , ω 3 ) by
where the functions B jj (x) are the multiple Bernoulli polynomials defined by
Here γ is Euler's constant, γ = lim n→∞ (1 + 
